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Box length search algorithm for molecular simulation of systems
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We have developed a box length search algorithm to efficiently find the appropriate box dimensions
for constant-volume molecular simulation of periodic structures. The algorithm works by finding the
box lengths that equalize the pressure in each direction while maintaining constant total volume.
Maintaining the volume at a fixed value ensures that quantitative comparisons can be made between
simulation and experimental, theoretical or other simulation results for systems that are
incompressible or nearly incompressible. We test the algorithm on a system of phase-separated
block copolymers that has a preferred box length in one dimension. We also describe and test a
Monte Carlo algorithm that allows the box lengths to change while maintaining constant volume.
We find that the box length search algorithm converges at least two orders of magnitude more
quickly than the variable box length Monte Carlo method. Although the box length search algorithm
is not ergodic, it successfully finds the box length that minimizes the free energy of the system. We
verify this by examining the free energy as determined by the Monte Carlo simulatic200@
American Institute of Physics[DOI: 10.1063/1.1636156

I. INTRODUCTION end result is a system with box lengths that minimize the free
energy and desired density. Although this algorithm does not
In molecular-level simulations it is sometimes necessanproperly sample phase spadecause it responds to the av-
to allow the shape and volume of a simulation box to chang%rage rather than to the instantaneous pressud®es find
in order to accomodate structures with periodic spacing. Thene appropriate box length which can then be used in further
standard way to accomplish this is to run the simulation afy\T simulations at fixed box length.
constant pressure or tensfofi as first described by Par- We also describe a new Monte Carlo method to find the
rinello and Rahman. In this paper, we present a new way t@ppropriate box lengths. This method essentially expands the
accomodate periodic structures that involves finding thestandard NVT algorithm to include moves which change the
simulation box lengths that equalize the pressure in eachox |engths while maintaining constant volume. Although
direction, while maintaining the total volume at a constantinis method samples phase space properly, it does not con-
value. o ~ . verge to the appropriate box lengths as quickly as the box
One example of a system that has periodic spacing is fangth search algorithm. We use this Monte Carlo method to
microphase-separated block copolymer system. In order tgerify that the box length from the box length search algo-

quantitatively compare block copolymer simulation resultsyjithm corresponds to the minimum in the free energy.
with theoretical predictions, simulations need to be con-

ducted at constant density. However, if a traditional constant

pressure algorithm is used, the density cannot be set. Insteg@l, METHODS

preliminary simulations would be required to find the appro- . ) )

priate pressure to match the density, or a single pressufe 'hermodynamic basis for the algorithm

would have to be used, and the resulting variation in density  In order for the box length search algorithm to be suc-
(and hence the parameter would complicate the analysis cessful, it must find the box lengths that minimize the free
of the datd. An alternative that is sometimes used is to runenergy of the system. In this section, we derive an expression
the simulations in a box that is large enough to accommodatfyr the change in free energy when the box lengths are
multiple orientations of the structure and assume that thehanged at constant volume, and use this expression to show
system will find the orientation with the correct periodic that the algorithm will converge to the box lengths that mini-
spacing. To solve this problem, we have developed an algamize the free energy.

rithm which finds the appropriate box lengtfthose corre- We start with the expression for the change in free en-
sponding to the minimum in free enepgyhile maintaining  ergy at constant number of moleculas,and temperaturd;,
constant density. . _ SA=— P&V,

The algorithm operates by calculating the pressure in
different directions and using that information to change thewvhereA is the Helmholtz free energy/ is the volume, and
box lengths to more appropriate values. Additionally, the al-P is the pressure. This equation only applies to a system in
gorithm suppresses box length fluctuations by responding tevhich the pressure is isotropic. If we reformulate this expres-
the average rather than to the instantaneous pressure. Thi®n so that it becomes appropriate for a system undergoing a

0021-9606/2004/120(4)/2049/7/$22.00 2049 © 2004 American Institute of Physics

Downloaded 02 Feb 2004 to 152.14.40.84. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp


http://dx.doi.org/10.1063/1.1636156

2050 J. Chem. Phys., Vol. 120, No. 4, 22 January 2004 Schultz, Hall, and Genzer

volume change in only one direction, say tkedirection, wherep is the particle density of the systerfN{/V), and
with the number of molecules and temperature fixed, we find;, and f;; are thek component of the distance and force
between particle pair andj.
6A=—P,L,L,d6L,, . . . . .
XTymemeX The second step is to pick one dimensiome will
whereL; and P; are the box length and pressure in the choosez for consistency with the previous sectjp@and to
direction. This can be extended to the case in which all threeompare the pressure in that dimensi®y, with the pres-
box lengths change sure in the other two dimensions.R%, differs from the pres-
SA=—P,L,L,oL,—P,L,L,6L,—P,L,L,5L,. (1) sgre in.thex ory d.imensions,.then the box length in that
dimension & or y) is changedincreased or decreasehy

Next, consider the case of having all three box lengthsy| o AL, so that the free energy of the system will de-

vary, but keeping the total volume fixed as well as the NUM<rease, according to EG3). Simultaneously, the box length

ber of molec_ules and the tempe_rature. The box _Iengﬂi‘h the z direction is changed to maintain constant volume.
changes in this case are then restricted by the equation The coordinates of all the particles, are scaled with the

LyLydL,+LyL, 6L, +L L,6L,=0 box length change; ,=r; L, /L,, ri,=r; L//L,, andr;,
=r;,L,/L,, whereLy is the new box length ant is the
old box length. If the particles have steep or discontinuous
LyL,oLy+LyL, 6L, potentials, it may be necessary to perform the box length
oL,=— L,Ly : 2 changes in small increments so that the system’s potential
. ) ) energy does not increase too much. These two steps are per-
Substituting Eq(2) into Eg. (1) yields formed repeatedly until each box length converges to a par-
SA=—P,LyL,0L,—PyL,L,8L,+P,(L,L,dL, ticular value.
The behavior of the algorithm can be adjusted by chang-
ing the algorithm parameteat. If At is small, the algorithm
= —(Py—PoLyL,8L—(Py—P,)L,L,6L,. responds quickly to pressure differencesAlf is large, the
algorithm responds more slowly, but the box lengths fluctu-
Ate less because the average in HE4). contains more

which can be solved foéL,,

+LyL,6L,)

Reformulating this expression in terms of reduced variable

yields samples. The quickest way to find an appropriate value for
. Py—P,| 6Ly [Py—P,| dL, At is to guess a trial value and run a short simulation. Once
OAT=—2 [ |__X p |__y ' 3 the box length search algorithm has determined an approxi-
mate value for the optimal box lengths, increadein order
"J‘r’rl‘aer)% A*=AInkgT, Z=PVinkgT, and P=(Px*+P, 5 more precisely determine the optimal box lengths.
13,

In order to suppress even more of the fluctuations, the
box length search algorithm tracks the pressures from previ-
then increasing the box length in thedirection will de- ous iterations and acts only if the pressure in the last iteration

crease the free energy of the system. The same happens if tﬁ@d 'the a.lverage pressure in thelirection during the past )
box length in they direction is increased when the pressure! V€ iterations are both above or both below the pressure in
in the y dimension is greater than the pressure in zhdi- the x andy directions. Additionally, if the pressure in ttze
mension. This is true regardless of the box length change iflirection from all five iterations is consistently above or be-
the z dimension necessary to maintain constant VOllﬂn‘E low the pressure in the andy direCtionS, then the algorithm
tice thatSL, does not appear in E¢3)] so long as the box acts with twice the normal box length changé. This in-
length changes are small. The ability to predetermine thereases the rate of convergence when the box length is far
sign of the free energy change for any given box lengthaway from the optimal value. Although five iterations is, to a
change provides the thermodynamic basis for the box lengtbertain extent, arbitrary, it turned out to be the best comp-
search algorithm. romise for our block copolymer simulations. The purpose of
these iterations is to allow the algorithm to adjust to different
noise levels without restarting the simulation. When the box
B. Description of the box length search algorithm lengths are far away from the optimal values, the algorithm

can perform large box length changes at every iteration.

The steps_u_se_d in the algorithm to determine the bO)hoen box lengths approach appropriate values, the al-
lengths that minimize the free energy of the system are theorithm falls back to using the average from previous iter-
following. The first step is to run the simulation with fixed gt' hich ; thg box | thg f P dering t
box lengths for a set length of tim&t, and calculate the ations, which prevents the box lengths from wandering oo

pressure in each directio(, P, , andP,). We can use the far from the optimal values. The number of iterations over
y ya z]

Based on Eq(3), we can see that if the pressure in the
dimension is greater than the pressure in thdimension,

virial theorem to calculate these pressures which to track the pressure can be adjusted to balance be-
tween these two modes; a small number of iterations favors
the large box length change mode, while a large number of
Pi=pkeT+( > > Fijk Fiji / Vv, 4 g 9 9 g
T iterations favors the small box length change mode.
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C. Variable box length Monte Carlo algorithm on copolymers in solution at a fixed concentration, both of

In this section. we extend the standard canonical Montdvhich are nearly incompressible!! Theoretical calculations
) . :12-16 . .
Carlo algorithm so that it allows the box lengths to quctuategeneralIy assume incompressibilfty™®and most simulation

while still sampling the NVT ensemble. We use this MonteStUdies are performed on a lattice where the total volume
: i ard7-20

Carlo algorithm to verify that the box length search algo-mus\svbe f|xeg. i lecular d BMD) (Ref

rithm described in the previous section finds the minimum in Dt € use | |?cotnh|nuou? mo efCL:har .yg.afgﬁ | ) ( Ie )

the free energy. In the standard NVT algorithm, reversible2 ) to simulate the motion of the individual copolymer

particle moves are proposed randomly and accepted with th%haInS in both the box length sear<_:h algorithm am_j the vari-
standard Metropolis criterion, able box length Monte Carlo algorithm. In the variable box

length Monte Carlo algorithm, we run a standard NVT DMD
Pace=min(1,exd — BAUY). (5  simulation, but attempt box length changes at random time
intervals during the DMD simulation. Such a hybrid Monte

In our modified algorithm, we also include reversible A A s ¢
box length “moves” and scale the particle coordinates as inCarlo/molecular dynamics simulation is valid because both

the box length search algorithm. For each box length move90rithms properly sample NVT phase space.

the box lengths in two of the dimensions, for instamcand The systems used for both simulations contain 125 Sym-
y, are changed byL, andAL,, each of which is randomly met_rlc (f=0.5) block (_:opolymers modeled as a flexible
chosen between AL, and AL ... The box length in the chain of 10 spheres, with component A spheres on one end
third dimension £) is changed so that the volume remains@1d component B spheres on the other. All nonbonded co-
constant; these moves are accepted with the standard vRolymer beads interact with a hard sphere interaction when

tropolis criterion, Eq.(5), which is applicable because the SeParated by a distanee Adjacent beads along the chain
total volume is conserved. have a hard sphere interaction when separated by a distance

The algorithm has two parameters, the maximum bo>p'85‘72§nd bounce back when they reach a separation of
length change &L ..,) and the frequency with which box 1.155.7% Unlike 'bea.ds mteract with an additional square
length changes are attempted. Just as in any Monte Carfioulder repulsive interaction of strengéis when sepa-

algorithm, these parameters can be adjusted to optimize tH@ted by distance& The simulations are conducted gl

algorithm’s exploration of box length phase space. =49, wherey = 0exp/kT, ¢is the average number of neigh-
bors within the interaction distanceg2andN is the copoly-

mer chain length. The value gfN puts the system well
IIl. RESULTS . - .
- _ above the order—disorder transition, which occurs at about
A. Validation of the box length search algorithm xN=25. Further details on the simulation of this copolymer

In this section, we validate the box length search al-System can be found in Ref. 8. For the simulations reported

gorithm by calculating the free energy versus the box lengtere, we always started the system with a lamellar structure
using the variable box length Monte Carlo algorithm. As afriented perpendicular to treaxis. Although large systems
test to see if the free energy is a minimum at the box lengtt®'® capable of formmg_ lamellae from disorder in less th_an 15
obtained in the box length search algorithm, we consider EQ_PU hours, t_he_ resultln_g structure is almost always oriented
system of symmetric block copolymers that we have studied/iagonally within the simulation box and often has meta-
previously? This system orders into lamellar sheets, whichstable defects. Thl_s diagonal (_)rlentatlon confuses the box
are one-dimensional periodic structures. Here the only bod€ngth search algorithm and variable box length Monte Carlo
dimension with a natural periodicitiand hence requiring a b_e.cause spacing in a diagonally orlenteq structure is !ess sen-
particular value for the box lengtlis the dimension perpen- Sitive to changes in box length than in a perpendicularly
dicular to the lamellar interfacé.,. The box lengths in the Oriented structure. . o

other directions can take any values that maintain constant 1he box length search algorithm simulation was run for
volume. Therefore we restrict the box length search algofWwo different size systems|=125 andn=1000, until they
rithm and the variable box length Monte Carlo algorithm soc@nverged to the optimal box length in taedimension.L,

as to maintain the same box length in the two dimensions™9-602r for the n=125 system and.,=19.222r for the
parallel to the interface, i.eL,,=L, andAL,=AL,. Equa- n=1000 system(The n=1000 system contained two lamel-

tion (3) then reduces to lar repeat units in the direction) The uncertainty in each of
these measurements is approximately 0£0&hich is the
SA* = _24 (Py+Py)/2— PZ) ALX}_ amplitude of the box length fluctuations that existed when
P Ly the algorithm was stopped. The variable box length Monte

So now in our box length search algorithm, we only need tOCarIo algorithm was also run for 300 CPU hours for the

look at the average of theandy pressures and compare that _ 125 syst_em and 390 CPU hours_ _for the 1000 system to :
with P,. For the variable box length Monte Carlo algorithm, collect a h|stpgram of the probability that the box length in
we restrict the proposed moves such that=AL, . Use of the 2 (_j|men3|_on takes on any valug,,. The free energy
an algorithm that maintains constant volume while the temgssc;/clnattedcthr bc_)x l?ntgmz" ng then be calculated from
perature, volume fraction of each component, or chain IengtF‘nhe onte Larlo simuiation usi

is vgried, i; critically important to making qgaptitative com- A=A,—kTIna;, (6)
parisons with experiment and/or theory. This is because ex-

perimental research on block copolymers focuses on melts avhereAq is an arbitrary parameter ang is the probability
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FIG. 1. Free energy as a function of box length from the variable box lengttFIG. 2. Box length as a function of CPU hours using the box length search
Monte Carlo algorithm for system sizés=125 andN=1000. Also shown  algorithm starting from different initial box lengths with) At* =5 and(b)

is the free energy minimum as determined by the box length search algoAt* =50.

rithm.

Both simulations were started with box lengths of b7ahd
21.40. All simulations were performed on 666 MHz Alpha

: EV67 processors. The most apparent difference between the
system withn=125, we setw/c=0.001 and for then  phenavior of the box length search algorithm and the variable
=1000 system, we set/o=0.0025. The results foh/nkT 1,5y |ength Monte Carlo algorithm is the absence of fluctua-
as a function ofd/c are plotted in Fig. 1, wherél is the  tions in the box length search algorithm. The fluctuations
periodic spacing between lamellae. The error bars on S&jhoyt the equilibrium value in the Monte Carlo algorithm are
lected points correspond to the standard deviation in thg,pstantial €0.30) and slow. In the box length search al-
mean from three sections of the simulation. The uncertaint)éorithm’ the fluctuations are smaller-Q.10) and quick.

in the minimum location can be estimated by determining thesince the fluctuations in the box length search algorithm do
box lengths(adjacent to the free energy minimiimhere the 4t ohey any thermodynamic norm, the only reliable conclu-
free energy error bars both lie above those at the minimumyjgn, is that the minimum free energy box length lies some-
In this case, 9.5€d/o<9.75 for the small system and \yhere between the maxmium and minimum box length
9.45<d/0<9.70 for the large system. The minima in the 31y, In order to more precisely determine the optimal value
=125 system anq in the=1000 system at approximately {5y the hox length we ran a second set of simulations starting
d/o=9.6 verify (within the error of the variable box length 4t 19 17 and 19.% with At* =50. With the increased value
Monte Carlo a_lgorithmthat the box length search algorithm 5, At*, the algorithm suppresses even more of the fluctua-
“finds” the optimal box lengths. tions, reducing the uncertaintthe amplitude of the fluctua-
tions) to 0.02.

B. Performance Although the Monte Carlo algorithm converges to the

It is of interest to Compare the performance of the boxequi”brium Value, the amplitude and S|OWI’leSS Of the ﬂUCtua-
length search algorithm and the variable box length Montdions hamper the determination of the precise value of the
Carlo algorithm. To do this, we ran both types of simulationsfree energy minimum. The Monte Carlo results in Fig. 1
starting from various box lengths to test the rate of conver-
gence of both methods to the optimal box length. Since both
types of simulations with a small system size<(125) con-
verge to the box length relatively quickly. We focused our
attention on the more challenging=1000 system, which
contains two lamellar repeat units.

The parameters for the box length search algorithm were
chosen(in reduced unitsto be At*=At\kgT/o=5 and
AL/L=0.0001. The Monte Carlo algorithm parameter
AL hax/o, the maximum box length change, was chosen to be
equal to 0.002; the average number of reduced time units
between box length change attempts was chosen to be 0.01.
These Monte Carlo parameters maximize the box length
fluctuations and hence the algorithm’s rate of exploration of . | . | .
phase space. 165 20 40 60

We plot L,/2 versus CPU time for tha=1000 system CPU Hours

from th_e box length search algorithm in Fig(_.a)? an_d frqm FIG. 3. Box length as a function of CPU hours using variable box length
the variable box length Monte Carlo algorithm in Fig. 3. Monte Carlo algorithm starting from different initial box lengths.

that the box length is betweeh,;—w/2 and L,;+w/2,
wherew is the histogram bin width. We sé{,=0. For the

22 . , . ,
21
20
o
=19
-

18
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FIG. 4. Autocorrelation function of the box length for the box length searchFIG. 5. Autocorrelation function of the difference between the pressure in
and the variable box length Monte Carlo algorithms. thez dimension and the average pressure inkteady dimensions and the
autocorrelation function for the total pressure.

illustrate this drawback. Although the Monte Carlo algorithm
simulation was run for 390 CPU hours for the larger system50 reduced time units, which is much faster than the decor-
the algorithm determined the appropriate box length withrelation time for the box length seen in Fig. 4. It is also faster
less precision (9.48d/0<9.69) than the box length search than the decorrelation of the total pressure, indicating that
algorithm achievedn 3 h (9.55<d/0<9.65). Using a tra- the pressure in each dimension fluctuates cooperatively. This
ditional Monte Carlo constant pressure simulation in thiscooperative fluctuation means the box length in the box
case would require additional time to determine the approlength search algorithm will fluctuate less than in an al-
priate pressure and then convergence would be even slowgorithm that depends on the total pressure, such as a constant
than the variable box length Monte Carlo aglorithm becaus@ressure Monte Carlo algorithm. It is the pressure differ-
of the volume fluctuations. ence’s fast decorrelation time that leads to the fast perfor-
In order to better quantify the performance of the boxmance of the box length search algorithm.
length search algorithm and the variable box length Monte  Although the performance measurements given thus far
Carlo algorithm, we calculated the autocorrelation functionare based on simulations of chains of length 10, one might
of the box length in the dimension while each method was wonder if the performance difference between the algorithms
being used. We have plotted these autocorrelation functionsould diminish for systems with longer chains. The relax-
versus CPU hours in Fig. 4. The box length in the box lengthation time of these longer chains might be expected to domi-
search algorithm appears to “forget” its old value slightly nate any dynamics in the system and cancel advantages that
faster than the variable box length Monte Carlo algorithm,were seen with the box length search algorithm for short
(although this difference is on the order of the uncertainty inchain systems. To test this, we performed additional simula-
the autocorrelation itself This result might at first seem sur- tions on a system containing 640 chains of length 40. The
prising since the box length search algorithm was over 10@emperature was adjusted to maintain a constant valy@of
times faster than the variable box length Monte Carlo algoat 49. The simulations were performed with the parameters
rithm. Apparently, the box length search algorithm explores aused in the previous simulationAt* =50 and AL/L
much narrower range of phase space, so that during the time0.0001 for the box length search algorithm add
it takes the algorithm to “forget” its previous value, it is able =0.002r for the variable box length Monte Carlo algorithm.
to get a much better estimate of the optimal box length thaThe average time between MC box length change attempts
the Monte Carlo algorithm. was maintained at 0.01. We plat/2 versus CPU time in
Another autocorrelation function that can help to eluci-Fig. 6 for both algorithms starting with the peridoic spacing
date the box length search algorithm’s superior performancat 36.5, which is somewhat lower than the optimal value of
compared to the variable box length Monte Carlo algorithm36.9. The box length search algorithm takes about 35 CPU
is the autocorrelation function of the difference between thénours to arrive at the optimal value of 36.9 and then fluctu-
pressure in the dimension and the average of the pressurestes with an amplitude of about 0.2. The box length in the
in the x andy directions. This is useful because the boxvariable box length Monte Carlo simulation fluctuates be-
length search algorithm’s performance depends directly otween 36.2 and 37.4 for the duration of the simulation. Even
how quickly these pressure fluctuations die out. The autocorafter 600 h, we were unable to determine the optimal box
relation functions forP,—(P,+ P,)/2 and the autocorrela- length based on the Monte Carlo data. We also tested the
tion function for the total pressureR=(P,+P,+P,)/3 longer chain system starting with the box length at 32.5,
were obtained by running the simulation at constant volumevhich is much lower than the optimal value. The box length
and averaging each pressure sample over 50 reduced timrersus CPU hours for this run is plotted in Fig. 7 for both
units. The results are shown in Fig. 5. From this plot, we caralgorithms. The box length search algorithm continues to
see that the pressure difference is nearly decorrelated withimaintain a substantial advantage over the variable box length
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V4T T T T T 1 lowest free energy as determined from the Monte Carlo
| Box Length simulation. We also found that the box length search al-
3721 Search T gorithm converges more quickly to the optimal box length

[ Algorithm

Variable Box Length

than the Monte Carlo algorithm because the amplitude of the
fluctuations in the box length is reduced.

Although the box length search algorithm performed
well in the cases described here, there are some more com-
plex cases that the algorithm cannot handle well. For in-
stance, if the free energy is insensitive to the box length, then
the algorithm assumes that the minimum has been reached
and suppresses fluctuations that would move the box length

L Monte Carlo out of the area of insensitivity. If the free energy contains

L | 1 L 1 L | | 1 I ni I i
365 560 o S e 00 multiple minima, the algorithm can get stuck in a metastable
CPU Hours state. In such a case, the variable box length Monte Carlo

FIG. 6. Box length as a function of CPU hours using the box length searc|
and variable box length Monte Carlo algorithms for a system of 640 chain
of length 40. The box length starts at a 36.%vhich is slightly less than the

optimal value.

Monte Carlo algorithm, converging about 10 times more

quickly than the Monte Carlo algorithm.

r:'allgorithm could be used to properly simulate the system. A
dnore direct approach that maintains the spirit of the box
length search algorithm would be to samplg, P, , andP,

as a function of the box lengths and then plot the difference
in pressure between the dimensioRs { P, andP,—P,) to
determine the box lengths at which the pressure differences
are zero. This method avoids any convergence problem with

the box length search algorithm but would still converge

Althﬁugh V‘]ﬁe cannot m?kr(]a a quantlltan_vﬁ comparison bei,q e rapidly than the variable box length Monte Carlo algo-
tween the performance of the two algorithms, we can Sa¥n, However, even the Monte Carlo sampling technique

that the box length search algorithm continues to perfor
much better than the variable box length Monte Carlo algo

rithm, even for longer chains.

IV. SUMMARY AND DISCUSSION

We have developed a box length search algorithm th

Myvould be inadequate for many systems with multiple

minima. The lamellar system investigated in this paper does
contain multiple minima corresponding to identical periodic
spacing but different lamellar orientations or number of re-
peat units. Neither algorithm was able to sample these dif-

aierent orientations. If sampling multiple minima is truly im-

converges to the box lengths at which the free energy of th@ortant, the most robust approach would be to start multiple

system is at a minimum while maintaining constant volume:
Such an algorithm is useful for finding appropriate box

simulations with different initial box lengths and allow either
one of the algorithms to find the free energy minima of the
system. Finally, we should point out that the box length

lengths for periodic structures for further NVT simulations. i -2 e )
We have also developed a Monte Carlo algorithm that exSearch algorithm’s inability to locate the global minimum in
plores NVT phase space while allowing the box lengths tc>°Me Systems with multiple free energy minima does not
fluctuate. We have compared the two algorithms using Hetract fr(_)m its applicability to cases without multiple free
block copolymer lamellar structure and verified that the boxeN€rgy minima.

length search algorithm converges to the box length with the
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